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Abstract.
Variational principles for magnetohydrodynamics (MHD) were introduced by
previous authors both in Lagrangian and Eulerian form. In this paper we introduce
simpler Eulerian variational principles from which all the relevant equations of non-
barotropic MHD can be derived for certain field topologies. The variational principle
is given in terms of five independent functions for non-stationary non-barotropic
flows. This is less then the eight variables which appear in the standard equations
of barotropic MHD which are the magnetic field ~B the velocity field ~v, the entropy s
and the density ρ.
The case of non-barotropic MHD in which the internal energy is a function of
both entropy and density was not discussed in previous works which were concerned
with the simplistic barotropic case. It is important to understand the rule of entropy
and temperature for the variational analysis of MHD. Thus we introduce a variational
principle of non-barotropic MHD and show that five functions will suffice to describe
this physical system.
We will also discuss the implications of the above analysis for topological constants.
It will be shown that while cross helicity is not conserved for non-barotropic MHD a
variant of this quantity is. The implications of this to non-barotropic MHD stability
is discussed.
Keywords: Magnetohydrodynamics, Variational principles, Topological conservation
laws
PACS number(s): 47.65.+a
1. Introduction
Cross Helicity was first described by Woltjer [1, 2] and is give by:
HC ≡
∫
~B · ~vd3x, (1)
in which ~B is the magnetic field, ~v is the velocity field and the integral is taken over
the entire flow domain. HC is conserved for barotropic or incompressible MHD and is
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given a topological interpretation in terms of the knottiness of magnetic and flow field
lines. An analogous conserved helicity for fluid dynamics was obtained by Moffatt [15].
A generalization of barotropic fluid dynamics conserved quantities including helicity to
non barotropic flows including topological constants of motion is given by Mobbs [3].
However, Mobbs did not discuss the MHD case.
Both conservation laws for the helicity in the fluid dynamics case and the barotropic
MHD case were shown to originate from a relabelling symmetry through the Noether
theorem [5, 6, 7, 8]. Webb et al. [10] have generalized the idea of relabelling symmetry
to non-barotropic MHD and derived their generalized cross helicity conservation law
by using Noethers theorem. The conservation law deduction involves a divergence
symmetry of the action. These conservation laws were written as Eulerian conservation
laws of the form Dt+ ~∇· ~F = 0 where D is the conserved density and F is the conserved
flux. Webb et al. [12] discuss the cross helicity conservation law for non-barotropic
MHD in a multi-symplectic formulation of MHD. Webb et al. [9, 10] emphasize that
the generalized cross helicity conservation law, in MHD and the generalized helicity
conservation law in non-barotropic fluids are non-local in the sense that they depend
on the auxiliary nonlocal variable σ, which depends on the Lagrangian time integral
of the temperature T (x, t). Notice that a potential vorticity conservation equation for
non-barotropic MHD is derived by Webb, G. M. and Mace, R.L. [13] by using Noethers
second theorem.
It should be mentioned that Mobbs [3] derived a helicity conservation law for
ideal, non-barotropic fluid dynamics, which is of the same form as the cross helicity
conservation law for non-barotropic MHD, except that the magnetic field induction is
replaced by the generalized fluid helicity ~Ω = ~∇× (~v − σ~∇s). Webb et al. [9, 10] also
derive the Eulerian, differential form of Mobbs [3] conservation law (although they did
not reference Mobbs [3]). Webb and Anco [11] show how Mobbs conservation law arises
in multi-symplectic, Lagrangian fluid mechanics.
Variational principles for MHD were introduced by previous authors both in
Lagrangian and Eulerian form. Sturrock [14] has discussed in his book a Lagrangian
variational formalism for MHD. Vladimirov and Moffatt [15] in a series of papers have
discussed an Eulerian variational principle for incompressible MHD. However, their
variational principle contained three more functions in addition to the seven variables
which appear in the standard equations of incompressible MHD which are the magnetic
field ~B the velocity field ~v and the pressure P . Kats [16] has generalized Moffatt’s work
for compressible non barotropic flows but without reducing the number of functions and
the computational load. Moreover, Kats has shown that the variables he suggested can
be utilized to describe the motion of arbitrary discontinuity surfaces [17, 18]. Sakurai
[19] has introduced a two function Eulerian variational principle for force-free MHD and
used it as a basis of a numerical scheme, his method is discussed in a book by Sturrock
[14]. A method of solving the equations for those two variables was introduced by Yang,
Sturrock & Antiochos [21]. Yahalom & Lynden-Bell [8] combined the Lagrangian of
Sturrock [14] with the Lagrangian of Sakurai [19] to obtain an Eulerian Lagrangian
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principle for barotropic MHD which will depend on only six functions. The variational
derivative of this Lagrangian produced all the equations needed to describe barotropic
MHD without any additional constraints. The equations obtained resembled the
equations of Frenkel, Levich & Stilman [28] (see also [29]). Yahalom [22] have shown
that for the barotropic case four functions will suffice. Moreover, it was shown that the
cuts of some of those functions [23] are topological local conserved quantities.
Variational principles of non barotropic MHD can be found in the work of
Bekenstein & Oron [30] in terms of 15 functions and V.A. Kats [16] in terms of 20
functions. The author of this paper suspect that this number can be somewhat reduced.
Moreover, A. V. Kats in a remarkable paper [31] (section IV,E) has shown that there is
a large symmetry group (gauge freedom) associated with the choice of those functions,
this implies that the number of degrees of freedom can be reduced. Here we will show
that only five functions will suffice to describe non barotropic MHD in the case that we
enforce a Sakurai [19] representation for the magnetic field. Morrison [20] has suggested
a Hamiltonian approach but this also depends on 8 canonical variables (see table 2
[20]). In a series of papers Yahalom has suggest a five function variational principle for
non-barotropic MHD [24, 25, 26, 27]
The plan of this paper is as follows: First we introduce the standard notations and
equations of non-barotropic MHD. Next we introduce a generalization of the barotropic
variational principle suitable for the non-barotropic case. Later we simplify the Eulerian
variational principle and formulate it in terms of eight functions. Next we show how
three variational variables can be integrated algebraically thus reducing the variational
principle to five functions. Then we discuss the Aharanov-Bohm effect and analogous
phenomena in non-barotropic MHD which are related to the topological conservation
laws of magnetic helicity and non-barotropic cross helicity. Finally we discuss the
application of those to the stability of MHD flows.
2. Standard formulation of non-barotropic magnetohydrodynamics
The standard set of equations solved for non-barotropic MHD are given below:
∂ ~B
∂t
= ~∇× (~v × ~B), (2)
~∇ · ~B = 0, (3)
∂ρ
∂t
+ ~∇ · (ρ~v) = 0, (4)
ρ
d~v
dt
= ρ(
∂~v
∂t
+ (~v · ~∇)~v) = −~∇p(ρ, s) + (
~∇× ~B)× ~B
4π
. (5)
ds
dt
= 0. (6)
The following notations are utilized: ∂
∂t
is the temporal derivative, d
dt
is the temporal
material derivative and ~∇ has its standard meaning in vector calculus. ~B is the magnetic
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field vector, ~v is the velocity field vector, ρ is the fluid density and s is the specific
entropy. Finally p(ρ, s) is the pressure which depends on the density and entropy (the
non-barotropic case).
The justification for those equations and the conditions under which they apply
can be found in standard books on MHD (see for example [14]). The above applies
to a collision-dominated plasma in local thermodynamic equilibrium. Such conditions
are seldom satisfied by physical plasmas, certainly not in astrophysics or in fusion-
relevant magnetic confinement experiments. Never the less it is believed that the
fastest macroscopic instabilities in those systems obey the above equations [23], while
instabilities associated with viscous or finite conductivity terms are slower. It should be
noted that due to a theorem by Bateman [33] every physical system can be described
by a variational principle (including viscous plasma) the trick is to find an elegant
variational principle usually depending on a small amount of variational variables. The
current work will discuss only ideal MHD while viscous MHD will be left for future
endeavors.
Equation (2) describes the fact that the magnetic field lines are moving with the
fluid elements (”frozen” magnetic field lines), equation (3) describes the fact that the
magnetic field is solenoidal, equation (4) describes the conservation of mass and equation
(5) is the Euler equation for a fluid in which both pressure and Lorentz magnetic forces
apply. The term:
~J =
~∇× ~B
4π
, (7)
is the electric current density which is not connected to any mass flow. Equation (6)
describes the fact that heat is not created (zero viscosity, zero resistivity) in ideal non-
barotropic MHD and is not conducted, thus only convection occurs. The number of
independent variables for which one needs to solve is eight (~v, ~B, ρ, s) and the number
of equations (2,4,5,6) is also eight. Notice that equation (3) is a condition on the initial
~B field and is satisfied automatically for any other time due to equation (2).
3. Variational principle of non-barotropic magnetohydrodynamics
In the following section we will generalize the approach of [8] for the non-barotropic
case. Consider the action:
A ≡
∫
Ld3xdt,
L ≡ L1 + L2,
L1 ≡ ρ(1
2
~v2 − ε(ρ, s)) +
~B2
8π
,
L2 ≡ ν[∂ρ
∂t
+ ~∇ · (ρ~v)]− ραdχ
dt
− ρβdη
dt
− ρσds
dt
−
~B
4π
· ~∇χ× ~∇η. (8)
In the above ε is the specific internal energy (internal energy per unit of mass). The
reader is reminded of the following thermodynamic relations which will become useful
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later:
dε = Tds− Pd1
ρ
= Tds+
P
ρ2
dρ
∂ε
∂s
= T,
∂ε
∂ρ
=
P
ρ2
w = ε+
P
ρ
= ε+
∂ε
∂ρ
ρ =
∂(ρε)
∂ρ
dw = dε+ d(
P
ρ
) = Tds+
1
ρ
dP (9)
in the above T is the temperature and w is the specific enthalpy. Obviously ν, α, β, σ are
Lagrange multipliers which were inserted in such a way that the variational principle
will yield the following equations:
∂ρ
∂t
+ ~∇ · (ρ~v) = 0,
ρ
dχ
dt
= 0,
ρ
dη
dt
= 0.
ρ
ds
dt
= 0. (10)
It is not assumed that ν, α, β, σ are single valued. Provided ρ is not null those are
just the continuity equation (4), entropy conservation and the conditions that Sakurai’s
functions are comoving. Taking the variational derivative with respect to ~B we see that
~B = ~ˆB ≡ ~∇χ× ~∇η. (11)
Hence ~B is in Sakurai’s form and satisfies equation (3). It can be easily shown that
provided that ~B is in the form given in equation (11), and equations (10) are satisfied,
then also equation (2) is satisfied.
For the time being we have showed that all the equations of non-barotropic MHD
can be obtained from the above variational principle except Euler’s equations. We will
now show that Euler’s equations can be derived from the above variational principle as
well. Let us take an arbitrary variational derivative of the above action with respect to
~v, this will result in:
δ~vA =
∫
dt{
∫
d3xdtρδ~v·[~v−~∇ν−α~∇χ−β~∇η−σ~∇s]+
∮
d~S ·δ~vρν+
∫
d~Σ·δ~vρ[ν]}.(12)
The integral
∮
d~S ·δ~vρν vanishes in many physical scenarios. In the case of astrophysical
flows this integral will vanish since ρ = 0 on the flow boundary, in the case of a fluid
contained in a vessel no flux boundary conditions δ~v · nˆ = 0 are induced (nˆ is a unit
vector normal to the boundary). The surface integral
∫
d~Σ on the cut of ν vanishes in
the case that ν is single valued and [ν] = 0 as is the case for some flow topologies. In the
case that ν is not single valued only a Kutta type velocity perturbation [32] in which
the velocity perturbation is parallel to the cut will cause the cut integral to vanish. An
arbitrary velocity perturbation on the cut will indicate that ρ = 0 on this surface which
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is contradictory to the fact that a cut surface is to some degree arbitrary as is the case
for the zero line of an azimuthal angle. We will show later that the ”cut” surface is
co-moving with the flow hence it may become quite complicated. This uneasy situation
may be somewhat be less restrictive when the flow has some symmetry properties.
Provided that the surface integrals do vanish and that δ~vA = 0 for an arbitrary
velocity perturbation we see that ~v must have the following form:
~v = ~ˆv ≡ ~∇ν + α~∇χ+ β~∇η + σ~∇s. (13)
The above equation is reminiscent of Clebsch representation in non magnetic fluids
[34, 35]. Let us now take the variational derivative with respect to the density ρ we
obtain:
δρA =
∫
d3xdtδρ[
1
2
~v2 − w − ∂ν
∂t
− ~v · ~∇ν]
+
∫
dt
∮
d~S · ~vδρν +
∫
dt
∫
d~Σ · ~vδρ[ν] +
∫
d3xνδρ|t1t0 . (14)
In which w = ∂(ερ)
∂ρ
is the specific enthalpy. Hence provided that
∮
d~S · ~vδρν vanishes
on the boundary of the domain and
∫
d~Σ · ~vδρ[ν] vanishes on the cut of ν in the case
that ν is not single valued‡ and in initial and final times the following equation must
be satisfied:
dν
dt
=
1
2
~v2 − w, (15)
Since the right hand side of the above equation is single valued as it is made of physical
quantities, we conclude that:
d[ν]
dt
= 0. (16)
Hence the cut value is co-moving with the flow and thus the cut surface may become
arbitrary complicated. This uneasy situation may be somewhat be less restrictive when
the flow has some symmetry properties.
Finally we have to calculate the variation with respect to both χ and η this will
lead us to the following results:
δχA =
∫
d3xdtδχ[
∂(ρα)
∂t
+ ~∇ · (ρα~v)− ~∇η · ~J ] +
∫
dt
∮
d~S · [
~B
4π
× ~∇η − ~vρα]δχ
+
∫
dt
∫
d~Σ · [
~B
4π
× ~∇η − ~vρα][δχ]−
∫
d3xραδχ|t1t0 , (17)
δηA =
∫
d3xdtδη[
∂(ρβ)
∂t
+ ~∇ · (ρβ~v) + ~∇χ · ~J ] +
∫
dt
∮
d~S · [~∇χ×
~B
4π
− ~vρβ]δη
+
∫
dt
∫
d~Σ · [~∇χ×
~B
4π
− ~vρβ][δη]−
∫
d3xρβδη|t1t0 . (18)
Provided that the correct temporal and boundary conditions are met with respect to
the variations δχ and δη on the domain boundary and on the cuts in the case that some
‡ Which entails either a Kutta type condition for the velocity in contradiction to the ”cut” being an
arbitrary surface, or a vanishing density perturbation on the cut.
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(or all) of the relevant functions are non single valued. we obtain the following set of
equations:
dα
dt
=
~∇η · ~J
ρ
,
dβ
dt
= −
~∇χ · ~J
ρ
, (19)
in which the continuity equation (4) was taken into account. By correct temporal
conditions we mean that both δη and δχ vanish at initial and final times. As for
boundary conditions which are sufficient to make the boundary term vanish on can
consider the case that the boundary is at infinity and both ~B and ρ vanish. Another
possibility is that the boundary is impermeable and perfectly conducting. A sufficient
condition for the integral over the ”cuts” to vanish is to use variations δη and δχ which
are single valued. It can be shown that χ can always be taken to be single valued, hence
taking δχ to be single valued is no restriction at all. In some topologies η is not single
valued and in those cases a single valued restriction on δη is sufficient to make the cut
term null.
Finally we take a variational derivative with respect to the entropy s:
δsA=
∫
d3xdtδs[
∂(ρσ)
∂t
+ ~∇ · (ρσ~v)− ρT ] +
∫
dt
∮
d~S · ρσ~vδs
−
∫
d3xρσδs|t1t0 , (20)
in which the temperature is T = ∂ε
∂s
. We notice that according to equation (13) σ is
single valued and hence no cuts are needed. Taking into account the continuity equation
(4) we obtain for locations in which the density ρ is not null the result:
dσ
dt
= T, (21)
provided that δsA vanished for an arbitrary δs.
4. Euler’s equations
We shall now show that a velocity field given by equation (13), such that the equations
for α, β, χ, η, ν, σ, s satisfy the corresponding equations (10,15,19,21) must satisfy Euler’s
equations. Let us calculate the material derivative of ~v:
d~v
dt
=
d~∇ν
dt
+
dα
dt
~∇χ+ αd
~∇χ
dt
+
dβ
dt
~∇η + βd
~∇η
dt
+
dσ
dt
~∇s+ σd
~∇s
dt
. (22)
It can be easily shown that:
d~∇ν
dt
= ~∇dν
dt
− ~∇vk ∂ν
∂xk
= ~∇(1
2
~v2 − w)− ~∇vk ∂ν
∂xk
,
d~∇η
dt
= ~∇dη
dt
− ~∇vk ∂η
∂xk
= −~∇vk ∂η
∂xk
,
d~∇χ
dt
= ~∇dχ
dt
− ~∇vk ∂χ
∂xk
= −~∇vk ∂χ
∂xk
,
d~∇s
dt
= ~∇ds
dt
− ~∇vk ∂s
∂xk
= −~∇vk ∂s
∂xk
. (23)
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In which xk is a Cartesian coordinate and a summation convention is assumed. Inserting
the result from equations (23,10) into equation (22) yields:
d~v
dt
= − ~∇vk( ∂ν
∂xk
+ α
∂χ
∂xk
+ β
∂η
∂xk
+ σ
∂s
∂xk
) + ~∇(1
2
~v2 − w) + T ~∇s
+
1
ρ
((~∇η · ~J)~∇χ− (~∇χ · ~J)~∇η)
= − ~∇vkvk + ~∇(1
2
~v2 − w) + T ~∇s+ 1
ρ
~J × (~∇χ× ~∇η)
= −
~∇p
ρ
+
1
ρ
~J × ~B. (24)
In which we have used both equation (13) and equation (11) in the above derivation.
This of course proves that the non-barotropic Euler equations can be derived from the
action given in equation (8) and hence all the equations of non-barotropic MHD can
be derived from the above action without restricting the variations in any way except
on the relevant boundaries and cuts.
5. Simplified action
The reader of this paper might argue here that the paper is misleading. The author
has declared that he is going to present a simplified action for non-barotropic MHD
instead he added six more functions α, β, χ, η, ν, σ to the standard set ~B,~v, ρ, s. In the
following I will show that this is not so and the action given in equation (8) in a form
suitable for a pedagogic presentation can indeed be simplified. It is easy to show that
the Lagrangian density appearing in equation (8) can be written in the form:
L = − ρ[∂ν
∂t
+ α
∂χ
∂t
+ β
∂η
∂t
+ σ
∂s
∂t
+ ε(ρ, s)] +
1
2
ρ[(~v − ~ˆv)2 − (~ˆv)2]
+
1
8π
[( ~B − ~ˆB)2 − ( ~ˆB)2] + ∂(νρ)
∂t
+ ~∇ · (νρ~v). (25)
In which ~ˆv is a shorthand notation for ~∇ν+α~∇χ+β~∇η+σ~∇s (see equation (13)) and ~ˆB
is a shorthand notation for ~∇χ× ~∇η (see equation (11)). Thus L has four contributions:
L = Lˆ+ L~v + L ~B + Lboundary,
Lˆ ≡ − ρ
[
∂ν
∂t
+ α
∂χ
∂t
+ β
∂η
∂t
+ σ
∂s
∂t
+ ε(ρ, s) +
1
2
(~∇ν + α~∇χ+ β~∇η + σ~∇s)2
]
− 1
8π
(~∇χ× ~∇η)2
L~v ≡ 1
2
ρ(~v − ~ˆv)2,
L ~B ≡
1
8π
( ~B − ~ˆB)2,
Lboundary ≡ ∂(νρ)
∂t
+ ~∇ · (νρ~v). (26)
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The only term containing ~v is§ L~v, it can easily be seen that this term will lead, after we
nullify the variational derivative with respect to ~v, to equation (13) but will otherwise
have no contribution to other variational derivatives. Similarly the only term containing
~B is L ~B and it can easily be seen that this term will lead, after we nullify the variational
derivative, to equation (11) but will have no contribution to other variational derivatives.
Also notice that the term Lboundary contains only complete partial derivatives and thus
can not contribute to the equations although it can change the boundary conditions.
Hence we see that equations (10), equation (15), equations (19) and equation (21) can
be derived using the Lagrangian density:
Lˆ[α, β, χ, η, ν, ρ, σ, s] = −ρ[∂ν
∂t
+ α
∂χ
∂t
+ β
∂η
∂t
+ σ
∂s
∂t
+ ε(ρ, s) +
1
2
(~∇ν + α~∇χ+ β~∇η + σ~∇s)2]− 1
8π
(~∇χ× ~∇η)2 (27)
in which ~ˆv replaces ~v and ~ˆB replaces ~B in the relevant equations. Furthermore, after
integrating the eight equations (10,15,19,21) we can insert the potentials α, β, χ, η, ν, σ, s
into equations (13) and (11) to obtain the physical quantities ~v and ~B. Hence, the
general non-barotropic MHD problem is reduced from eight equations (2,4,5,6) and the
additional constraint (3) to a problem of eight first order (in the temporal derivative)
unconstrained equations. Moreover, the entire set of equations can be derived from the
Lagrangian density Lˆ.
6. Further Simplification
6.1. Elimination of Variables
Let us now look at the three last three equations of (10). Those describe three comoving
quantities which can be written in terms of the generalized Clebsch form given in
equation (13) as follows:
∂χ
∂t
+ (~∇ν + α~∇χ+ β~∇η + σ~∇s) · ~∇χ = 0
∂η
∂t
+ (~∇ν + α~∇χ+ β~∇η + σ~∇s) · ~∇η = 0
∂s
∂t
+ (~∇ν + α~∇χ+ β~∇η + σ~∇s) · ~∇s = 0 (28)
Those are algebraic equations for α, β, σ. Which can be solved such that α, β, σ can
be written as functionals of χ, η, ν, s, resulting eventually in the description of non-
barotropic MHD in terms of five functions: ν, ρ, χ, η, s. Let us introduce the notation:
αi ≡ (α, β, σ), χi ≡ (χ, η, s), ki ≡ −∂χi
∂t
− ~∇ν · ~∇χi, i ∈ (1, 2, 3) (29)
In terms of the above notation equation (28) takes the form:
ki = αj ~∇χi · ~∇χj, j ∈ (1, 2, 3) (30)
§ Lboundary also depends on ~v but being a boundary term is space and time it does not contribute to
the derived equations
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in which the Einstein summation convention is assumed. Let us define the matrix:
Aij ≡ ~∇χi · ~∇χj (31)
obviously this matrix is symmetric since Aij = Aji. Hence equation (30) takes the form:
ki = Aijαj, j ∈ (1, 2, 3) (32)
Provided that the matrix Aij is not singular it has an inverse A
−1
ij which can be written
as:
A−1ij = |A|−1


A22A33 −A223 A13A23 −A12A33 A12A23 − A13A22
A13A23 −A12A33 A11A33 −A213 A12A13 − A11A23
A12A23 −A13A22 A12A13 −A11A23 A11A22 − A212

 (33)
In which the determinant |A| is given by the following equation:
|A| = A11A22A33 − A11A223 −A22A213 − A33A212 + 2A12A13A23 (34)
In terms of the above equations the αi’s can be calculated as functionals of χi, ν as
follows:
αi[χi, ν] = A
−1
ij kj . (35)
The velocity equation (13) can now be written as:
~v = ~∇ν+αi~∇χi = ~∇ν+A−1ij kj ~∇χi = ~∇ν−A−1ij ~∇χi(
∂χj
∂t
+ ~∇ν · ~∇χj).(36)
Provided that the χi is a coordinate basis in three dimensions, we may write:
~∇ν = ~∇χn ∂ν
∂χn
, n ∈ (1, 2, 3). (37)
Inserting equation (37) into equation (36) we obtain:
~v = −A−1ij ~∇χi
∂χj
∂t
+ ~∇ν −A−1ij ~∇χi
∂ν
∂χn
~∇χn · ~∇χj
= −A−1ij ~∇χi
∂χj
∂t
+ ~∇ν −A−1ij Ajn~∇χi
∂ν
∂χn
= −A−1ij ~∇χi
∂χj
∂t
+ ~∇ν − δin~∇χi ∂ν
∂χn
= −A−1ij ~∇χi
∂χj
∂t
+ ~∇ν − ~∇χn ∂ν
∂χn
= −A−1ij ~∇χi
∂χj
∂t
(38)
in the above δin is a Kronecker delta. Thus the velocity ~v[χi] is a functional of χi only
and is independent of ν.
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6.2. Lagrangian Density and Variational Analysis
Let us now rewrite the Lagrangian density Lˆ[χi, ν, ρ] given in equation (27) in terms of
the new variables:
Lˆ[χi, ν, ρ] = −ρ[∂ν
∂t
+ αk[χi, ν]
∂χk
∂t
+ ε(ρ, χ3) +
1
2
~v[χi]
2]− 1
8π
(~∇χ1 × ~∇χ2)2 (39)
Let us calculate the variational derivative of Lˆ[χi, ν, ρ] with respect to χi this will result
in:
δχiLˆ = −ρ[δχiαk
∂χk
∂t
+ αi
∂δχi
∂t
+ δχiε(ρ, χ3) + δχi~v · ~v]−
~B
4π
· δχi(~∇χ1 × ~∇χ2) (40)
in which the summation convention is not applied if the index is underlined. However,
due to equation (36) we may write:
δχi~v = δχiαk
~∇χk + αi~∇δχi. (41)
Inserting equation (41) into equation (40) and rearranging the terms we obtain:
δχiLˆ = − ρ[δχiαk(
∂χk
∂t
+ ~v · ~∇χk) + αi(∂δχi
∂t
+ ~v · ~∇δχi) + δχiε(ρ, χ3)]
−
~B
4π
· δχi(~∇χ1 × ~∇χ2). (42)
Now by construction ~v satisfies equation (28) and hence ∂χk
∂t
+ ~v · ~∇χk = 0, this leads
to:
δχiLˆ = −ρ
[
αi
dδχi
dt
+ δχiε(ρ, χ3)
]
−
~B
4π
· δχi(~∇χ1 × ~∇χ2). (43)
From now on the derivation proceeds as in equations (17,18,20) resulting in equations
(19,21) and will not be repeated. The difference is that now α, β and σ are not
independent quantities, rather they depend through equation (35) on the derivatives
of χi, ν. Thus, equations (17,18,20) are not first order equations in time but are second
order equations. Now let us calculate the variational derivative with respect to ν this
will result in the expression:
δνLˆ = −ρ[∂δν
∂t
+ δναn
∂χn
∂t
] (44)
However, δναk can be calculated from equation (35):
δναn = A
−1
nj δνkj = −A−1nj ~∇δν · ~∇χj (45)
Inserting the above equation into equation (44):
δνLˆ = −ρ[∂δν
∂t
− A−1nj ~∇χj
∂χn
∂t
· ~∇δν] = −ρ[∂δν
∂t
+ ~v · ~∇δν] = −ρdδν
dt
(46)
The above equation can be put to the form:
δνLˆ = δν[∂ρ
∂t
+ ~∇ · (ρ~v)]− ∂(ρδν)
∂t
− ~∇ · (ρ~vδν) (47)
This obviously leads to the continuity equation (4) and some boundary terms in space
and time. The variational derivative with respect to ρ is trivial and the analysis is
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Figure 1. An electron is moving from point A to point B. In the middle of the figure
we have a confined magnetic field of 50 Tesla.
identical to the one in equation (14) leading to equation (15). To conclude this subsection
let us summarize the equations of non-barotropic MHD:
dν
dt
=
1
2
~v2 − w,
∂ρ
∂t
+ ~∇ · (ρ~v) = 0
dσ
dt
= T,
dα
dt
=
~∇η · ~J
ρ
,
dβ
dt
= −
~∇χ · ~J
ρ
, (48)
in which α, β, σ, ~v are functionals of χ, η, s, ν as described above. It is easy to show as in
equation (24) that those variational equations are equivalent to the physical equations.
It is shown in [24] tha the Lagrangian density can be written standard quadratic
form:
Lˆ[χi, ν, ρ] = ρ[1
2
A−1jn
∂χj
∂t
∂χn
∂t
+
∂ν
∂χm
∂χm
∂t
− ∂ν
∂t
− ε(ρ, χ3)]− 1
8π
(~∇χ1 × ~∇χ2)2. (49)
In which A−1jn plays the rule of a ”metric”. The Lagrangian is thus composed of a kinetic
terms which is quadratic in the temporal derivatives, a ”gyroscopic” terms which is linear
in the temporal derivative and a potential term which is independent of the temporal
derivative.
7. The Aharonov-Bohm Effect
Consider an electron moving from A to B (figure 1) in the middle we have a magnetic
field ~B going into the plane through which the electron is forbidden to pass, hence for
the electron the magnetic field is zero. However, the vector potential ~A is not zero, in
fact:
~B = ~∇× ~A = 0⇒ ~A = ~∇S¯ (50)
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Figure 2. The azimuth-radius coordinate system, used to calculate the vector
potential. The magnetic field vanishes except at the gray area.
~∇ has its standard meaning in vector calculus, S¯ is a non single valued function and its
discontinuous variation in value (which we shall call discontinuity in the following) [S¯]
can be calculated immediately using Stokes theorem:
Φ =
∫
~B · d~S =
∫
~∇× ~A · d~S =
∮
~A · d~l =
∮
~∇S¯ · d~l = [S¯] (51)
Here Φ is the magnetic flux, the first integral is an area integral and the third is a line
integral in which the trajectory goes around the confined magnetic field. Aharonov and
Bohm [37] have shown that S¯ is proportional to the phase of the electron wave function.
Thus its discontinuity will cause interference at point B. If the magnetic field is uniform
in a cylinder and zero outside the cylinder, the vector potential can be calculated to be:
~A = Aθθˆ =
Φ
2π r
θˆ = ~∇S¯ ⇒ S¯ = Φ
2π
θ + S¯0. (52)
Where θ is the azimuthal angle. The main features of the Aharonov - Bohm effect are:
(i) A domain that is not simply connected due to the presence of a magnetic field,
but can be made simply connected by introducing a cut. Mathematically speaking
the domain has a non-trivial fundamental Homotopy group. Two classes of loops
exist in the plane; loops that can be contracted to a point without intersecting the
magnetic region and loops that can not.
(ii) The electron (or its wave function) do not feel directly the magnetic field – non
locality.
(iii) The potential vector field is a gradient of a non-single valued function.
(iv) Gauge freedom is not gone but only limited to single-valued gauges.
The discontinuity [S¯] causes a phase difference of the form 2π e
ch
[S¯] between the electron’s
”trajectories”. It will be shown later that the analogous quantity in MHD do not cause
such an effect. However, it will lead to a new constant of motion of MHD which is
the cross helicity per unit of magnetic flux. It should also be mentioned that according
to Bohm’s causal interpretation of quantum mechanics there is a quantum - classical
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correspondence. According to Bohm [43, 44] the phase of a wave function S should be
interpreted as a potential of the velocity field ~v:
~v =
1
m
~∇S (53)
m is the mass of the particle. However, this correspondence can go the other way
around! If the velocity field has a potential part it can be interpreted as a phase of a
wave function. It will be shown that this potential function has the topological properties
somewhat analogous to a phase even if the wave function does not exist in the theory
under study.
Earlier classical analogues to the Aharonov - Bohm effect were discussed by Berry
et al. [40] which describes a classical analogue to the AB effect in surface waves of
swirling water. Never the less I would like to highlight the major differences between
the approach of Berry et al. and the approach to be described below. First in the current
paper the classical analogue is related to magnetohydrodynamics while in Berry et al.
it is related to non magnetic fluids. Second, in the current work one does not assume
small perturbations (”waves”) but rather to results that are valid for any ideal MHD
flow. Third one does not assume a ”slow change” as in Berry et al. paper in which the
velocity field is assumed small with respect to the group velocity; in the current work
the results are correct for any rate of change. Fourth the classical analogue of Berry et
al. is not related to any vector potential or magnetic flux but they show that a velocity
field can play the same rule of a vector potential for surface waves interacting with such
a velocity field. Fifth, the current AB effects are related to topological conservation
laws in MHD, while there is no such a relation in [40].
8. Topological Constants of Motion
Magnetohydrodynamics is known to have the following two topological constants of
motion; one is the magnetic helicity:
HM ≡
∫
~B · ~Ad3x, (54)
which is known to measure the degree of knottiness of lines of the magnetic field ~B
[1, 2]. The domain of integration in equation (54) is the entire space, obviously regions
containing a null magnetic field will have a null contribution to the integral. In the
above equation ~A is the vector potential defined implicitly by equation (50). The other
topological constant is the magnetic cross helicity:
HC ≡
∫
~B · ~vd3x, (55)
characterizing the degree of cross knottiness of the magnetic field and vortex lines. The
domain of integration in equation (1) is the magnetohydrodynamic flow domain. As
noticed before this second topological constant of motion is only constant for barotropic
or incompressible MHD. Notice that in non-barotropic MHD:
dHC
dt
=
∫
T ~∇S · ~Bd3x, (56)
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hence generally speaking cross helicity is not conserved.
9. Non-Barotropic Cross Helicity
A clue on how to define cross helicity for non-barotropic MHD can be obtained from
the variational analysis described in the previous sections.
Let us now write the cross helicity given in equation (1) in terms of equation (11)
and equation (13), this will take the form:
HC =
∫
dΦ[ν] +
∫
dΦ
∮
σds (57)
in which: dΦ = ~B · d~S = ~∇χ × ~∇η · d~S = dχ dη and the closed line integral is taken
along a magnetic field line. dΦ is a magnetic flux element which is comoving according
to equation (2) and d~S is an infinitesimal area element. Although the cross helicity is
not conserved for non-barotropic flows, looking at the right hand side we see that it is
made of a sum of two terms. One which is conserved as both dΦ and [ν] are comoving
(see equation (16)) and one which is not. This suggests the following definition for the
non barotropic cross helicity HCNB:
HCNB ≡
∫
dΦ[ν] = HC −
∫
dΦ
∮
σds (58)
Which can be written in a more conventional form:
HCNB =
∫
~B · ~vtd3x (59)
where the topological velocity field is defined as follows:
~vt ≡ ~v − σ~∇s (60)
It should be noticed that HCNB is conserved even for an MHD not satisfying the Sakurai
topological constraint given in equation (11), provided that we have a field σ satisfying
the equation dσ
dt
= T . Thus the non barotropic cross helicity conservation law:
dHCNB
dt
= 0, (61)
is more general than the variational principle described by equation (49) as follows from
a direct computation using equations (2,4,5,6). Also notice that for a constant specific
entropy S we obtain HCNB = HC and the non-barotropic cross helicity reduces to the
standard barotropic cross helicity. To conclude we introduce also a local topological
conservation law in the spirit of [23] which is the non barotropic cross helicity per unit
of magnetic flux. This quantity which is equal to the discontinuity of ν is conserved and
can be written as a sum of the barotropic cross helicity per unit flux and the closed line
integral of sdσ along a magnetic field line:
[ν] =
dHCNB
dΦ
=
dHC
dΦ
+
∮
sdσ. (62)
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10. Local Cross Helicities
Let us write the topological constants given in equation (54) and equation (1) in terms
of the magnetohydrodynamic potentials χ, η, ν, ρ introduced in previous sections. First
let us combine equation (50) with equation (11) to obtain the equation:
~∇× ( ~A− χ~∇η) = 0, (63)
this leads immediately to the result:
~A = χ~∇η + ~∇ζ, (64)
in which ζ is some function. Let us now calculate the scalar product ~B · ~A:
~B · ~A = (~∇χ× ~∇η) · ~∇ζ. (65)
We can define a local vector basis: (~∇χ, ~∇η, ~∇µ) based on the magnetic field lines.
Here, in addition to χ, η, we have added another coordinate the magnetic metage µ
which parameterizes the distance along the magnetic field lines [8]. ~∇ζ can thus be
written as:
~∇ζ = ∂ζ
∂χ
~∇χ+ ∂ζ
∂µ
~∇µ+ ∂ζ
∂η
~∇η. (66)
Hence we can write:
~B · ~A = ∂ζ
∂µ
(~∇χ× ~∇η) · ~∇µ = ∂ζ
∂µ
∣∣∣∣∣∂(χ, η, µ)∂(x, y, z)
∣∣∣∣∣ . (67)
Let us think of the entire space outside the magnetohydrodynamic domain as containing
low density matter. In this case we can define the metage µ over the entire portion of
space containing magnetic field lines and the integration domain of equation (54) and
equation (1) coincide. Now we can insert equation (67) into equation (54) to obtain the
expression:
HM =
∫
∂ζ
∂µ
dµdχdη. (68)
We can think about the magnetohydrodynamic domain as composed of thin closed tubes
of magnetic lines each labelled by (χ, η). Performing the integration along such a thin
tube in the metage direction results in:∮
χ,η
∂ζ
∂µ
dµ = [ζ ]χ,η, (69)
in which [ζ ]χ,η is the discontinuity of the function ζ along its cut, i.e., the shift in
value going around the path. Thus a thin tube of magnetic lines in which ζ is single
valued does not contribute to the magnetic helicity integral. Inserting equation (69)
into equation (68) will result in:
HM =
∫
[ζ ]χ,ηdχdη =
∫
[ζ ]dΦ, (70)
in which we have used dΦ = ~B · d~S = ~∇χ× ~∇η · d~S = dχ dη. Hence:
[ζ ] =
dHM
dΦ
, (71)
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Figure 3. Knotted magnetic field lines with none zero magnetic helicity and a non-
single valued ζ.
the discontinuity of ζ is thus the density of magnetic helicity per unit of magnetic flux in
a tube. We deduce that the Sakurai representation does not entail zero magnetic helicity,
rather it is perfectly consistent with non zero magnetic helicity as was demonstrated
above. Notice however, that the topological structure of the magnetohydrodynamic flow
constrains the gauge freedom which is usually attributed to a vector potential ~A and
limits it to single valued functions. Moreover, while the choice of ~A is arbitrary since
one can add to ~A an arbitrary gradient of a single valued function which may lead to
different choice of ζ , the discontinuity value [ζ ] is not arbitrary and has meaning as given
above. The main features of this novel ”Magnetic Aharonov-Bohm effect” are similar
to the features of the standard Aharonov-Bohm effect.
(i) A domain that is not simply connected, since the internal magnetic flux is knotted
inside the external magnetic flux line (see figure 3).
(ii) The external magnetic field line does not touch the internal flux yet the ζ function
is not single valued due to that line - non locality.
(iii) The potential vector field has a gradient of a non-single valued function part.
(iv) Gauge freedom is not gone but only limited to single-valued gauges.
One should notice that [ζ ]χ,η is a conserved quantity, this can easily seen by integrating
~∇ζ along a closed path at the intersection of the χ and η surfaces, this path is in fact
a magnetic field line:
[ζ ]χ,η =
∮
χ,η
~∇ζ · d~r =
∮
χ,η
(
~A− χ~∇η
)
· d~r =
∮
χ,η
~A · d~r =
∫
~B · d~S (72)
in which we have used Stokes theorem for the last equality sign. Obviously the flux
cannot escape or enter into this field line since all magnetic field lines are comoving,
thus not only the magnetic helicity is conserved but also [ζ ]χ,η which is the magnetic
helicity per unit flux.
The reader now is reminded of equation (62):
[ν] =
dHCNB
dΦ
, (73)
Local Topological Constants for Non-Barotropic MHD 18
the discontinuity of ν is thus the density of cross helicity per unit of magnetic flux. We
deduce that a flow with null non-barotropic cross helicity will have a single valued ν
function alternatively, a non single valued ν may entail a non zero non-barotropic cross
helicity. Furthermore, from equation (16) it is obvious that:
d[ν]
dt
= 0. (74)
We conclude that not only is the non-barotropic magnetic cross helicity conserved as
an integral quantity of the entire magnetohydrodynamic domain but also the (local)
density of cross helicity per unit of magnetic flux is a conserved quantity as well.
The main features of this novel ”Cross Aharonov-Bohm effect” are similar to the
features of the standard Aharonov-Bohm effect:
(i) A domain that is not simply connected, since the internal magnetic flux is knotted
inside the external topological stream line.
(ii) The topological stream line does not touch the internal flux yet the ν function is
not single valued due to that line - non locality.
(iii) The topological velocity field has a gradient of a non-single valued function part,
this part is interpreted as a phase according to Bohm’s causal interpretation
correspondence see equation (53).
11. Possible Application
In his important review paper ”Physics of magnetically confined plasmas” A. H. Boozer
[42] states that: ”A spiky current profile causes a rapid dissipation of energy relative
to magnetic helicity. If the evolution of a magnetic field is rapid, then it must be at
constant helicity.” This will also be true also for the magnetic helicity per unit flux.
The application of the ”Magnetic Aharonov-Bohm effect” is expected to be important
in understanding the dynamics of magnetically confined plasmas and the problem of
controlled fusion. Usually topological conservation laws are used in order to deduce
lower bounds on the ”energy” of the flow. Those bounds are only approximate in
non ideal flows but due to their topological nature simulations show that they are
approximately conserved even when the ”energy” is not. For example it is easy to show
that the ”energy” is bounded from below by the magnetic helicity as follows:
HM =
∫
~B · ~Ad3x ≤ 1
2
∫ (
~B2 + ~A2
)
d3x, (75)
We point out that the Cauchy-Schwarz inequality also holds:
HM =
∫
~B · ~Ad3x ≤
√∫
~A2d3x
√∫
~B2d3x, (76)
In this sense a configuration with a highly complicated topology is more stable since
its ”energy” is bounded from below. However, the above constraint is only global. Using
the magnetic AB effect one may deduce a more local constraint. Consider a magnetic
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flux tube of a cross section ∆S in which the magnetic field is almost constant in this
tube:
HM =
∫
d3x~B · ~A ≃ [ζ ]B∆S (77)
Hence in this flux tube we deduce the lower bounds:
[ζ ]B∆S ≤ 1
2
∫
d3x
(
~A2 + ~B2
)
(78)
[ζ ]B∆S ≤
√∫
~A2d3x
√∫
~B2d3x (79)
Writing the above equation using: d3x = ∆Sdl, in which dl is a line element along the
flux tube we obtain the local bounds:
[ζ ] ≤ 1
2B
∫
dl
(
~A2 + ~B2
)
(80)
[ζ ] ≤ 1
B
√∫
~A2dl
√∫
~B2dl =
√
L
∫
~A2dl (81)
in which L is the length of the flux tube. This is a much more stringent bound than the
global bound of magnetic helicity. It may be suggested based on the analysis presented
to create in Tokamak devices flows with high amount of local magnetic helicity per unit
flux (which is the same as the discontinuity of the Aharonov-Bohm phases), those flows
are expected to be more stable than flows in which there is no sufficient local magnetic
helicity per unit flux.
A similar analysis can be done for non-barotropic cross helicity per unit flux. It is
easy to show that the ”energy” is bounded from below by the cross helicity as follows:
HCNB =
∫
~B · ~vtd3x ≤ 1
2
∫ (
~B2 + ~vt
2
)
d3x, (82)
HCNB =
∫
~B · ~vtd3x ≤
√∫
~vt
2d3x
√∫
~B2d3x, (83)
In this sense a configuration with a highly complicated topology is more stable since its
energy is bounded from below. However, the above constraint is only global. Using the
cross AB effect one may deduce a more local constraint. Consider a magnetic flux tube
of a cross section ∆S in which the magnetic field is almost constant in this tube:
HCNB =
∫
d3x~B · ~vt ≃ [ν]B∆S (84)
Hence in this flux tube we deduce the lower bounds:
[ν]B∆S ≤ 1
2
∫
d3x
(
~v2t +
~B2
)
(85)
[ν]B∆S ≤
√∫
~vt
2d3x
√∫
~B2d3x, (86)
Writing the above equation using: d3x = ∆Sdl, in which dl is a line element along the
flux tube we obtain the local bounds:
[ν] ≤ 1
2B
∫
dl
(
~v2t +
~B2
)
(87)
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[ν] ≤ 1
B
√∫
~vt
2dl
√∫
~B2dl =
√
L
∫
~vt
2dl (88)
This is a much more stringent bound than the global bound of cross Helicity. Notice,
however, that there is a difference in the consequence of magnetic and cross-helicity
conservation in non ideal magnetohydrodynamics. The rapid dissipation of the energy
relative to magnetic helicity is possible due to the difference in the turbulent cascade of
these values in the flows. The situation in the case of non-barotropic cross helicity is
unknown at present as its a new constant of motion. Both values are conserved in ideal
flows. However, nothing prevents the cascade of the energy to the small scales where it
can dissipate by means of the molecular diffusivity. The cascade of the magnetic helicity
is subjected to realizability condition: |Hm(k)|k ≤ 2Em(k) (see [47] chapter 11 equation
11.37). This complicates the cascade of the magnetic helicity to the small scales. In
other words, in the small-scales the components of the field contribute to the helicity
as
~B2
k
and to the energy as ~B2. Therefore, the changes in the small-scales harmonics of
the field make a much smaller contribution to the helicity changes than to the energy
of the field. The same conclusion is reached by Arnold & Khesin [48] who claim that
the dissipation of magnetic helicity is proportional to the resistivity square making the
above constraint valid for the case of small resistivity. Notice, however, that Taylor [49]
points out that in extremely violent MHD flows local topological constraints do not hold,
and therefore even [ζ ] is not conserved but only global magnetic helicity is conserved
(see also Biskamp [50]). A generalization of the force-free Taylors relaxation states
studied in laboratory experiments (in spheromaks) that become non force-free in the self-
gravitating stellar case were obtained by Duez and Mathis [51]. However, Braithwaite
[52] studying non-axisymmetric magnetic equilibria in stars has presented numerical
simulations of the formation of stable equilibria from turbulent initial conditions and
demonstrated the existence of non-axisymmetric equilibria consisting of twisted flux
tubes lying horizontally below the surface of the star, meandering around the star in
random patterns, he concluded that in configurations with more than one flux tube,
each tube may have either positive or negative local magnetic helicity; although whether
negative or positive has clear implications for the global helicity it has no effect on the
stability. And also stable zero-global helicity equilibria are possible (but with non zero
local [ζ ]). The magnetic helicity conservation was found to play a major rule for the
asymmetry of sunspot cycles due to the effect of magnetic helicity on the nonlinear
surface-shear shaped dynamo [53]. As for cross helicity, even global cross helicity is
not conserved in turbulent fluids such as the solar convection zone and its balance is
controlled by local processes [54]. This being said it remains to be seen what are the
consequences of non-barotropic cross helicity both local and global.
It may be suggested based on the analysis presented to create in Tokamak devices
flows with high amount of local magnetic helicity per unit flux and non-barotropic cross
helicity per unit flux (which is the same as the discontinuity of the Aharonov-Bohm
phases), those flows are expected to be more stable than flows in which there is no
sufficient local magnetic helicity per unit flux.
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12. Example of a Magnetic Aharonov-Bohm Phase
In this penultimate section I would like to give a concrete example of the calculation
of the magnetic Aharonov-Bohm phase [8]. Consider a magnetohydrodynamic flow of
uniform density ρ. Furthermore assume (following Moffatt [4]) that the flow contains a
vector potential:
~A = ~∇Ψ× ~∇φ+ αΨ~∇φ = 1
R
∂RΨzˆ − 1
R
∂zΨRˆ +
αΨ
R
φˆ, ~∇φ = φˆ
R
,(89)
in which as in the previous section R, φ, z are the standard cylindrical coordinates,
Rˆ, φˆ, zˆ are the corresponding unit vectors, α is constant and Ψ = Ψ(R, z) is an arbitrary
function of R and z. The magnetic field can be calculated using equation (50) to be:
~B =
α
R
∂RΨzˆ − α
R
∂zΨRˆ− D
2Ψ
R
φˆ. (90)
In which according to Moffatt [4] the operator D2 is defined as:
D2 = ∂2z +R∂R(
1
R
∂R). (91)
Obviously both ~A and ~B lie on Ψ surfaces since:
~∇Ψ · ~A = ~∇Ψ · ~B = 0. (92)
Let us define the variable r:
r =
√
z2 + (R− 1)2. (93)
And let us assume that Ψ = Ψ(r) is a function of r. In this case surfaces of constant Ψ
are nested tori. The magnetic field is assumed to be confined between the tori 0 ≤ r ≤ a
in which a is an arbitrary number such that 0 < a < 1. A depiction of a R − z cross
section of the nested tori is given in figure 4 below. A typical field line of the magnetic
field given in equation (90) is self knotted in the sense of Moffatt [4] as is evident from
figure 5.
Next, we define two functions with simple cuts φ∗ and η∗. In which η∗ can be
considered as an angle varying over the small circle of the torus, while φ∗ can be
considered as an angle varying over the large circle of the torus. Hence φ∗ = φ is
just the standard azimuthal angle and η∗ can be defined as:
η∗ = arctan
z
R− 1 . (94)
Obviously the Ψ surfaces are also the λ surfaces. Therefore we can calculate χ using
equation 4.31 of [8] were we calculate the magnetic flux into the surface between the
degenerate torus r = 0 and any other torus given by some value of Ψ. There are
two ways to do this but it seems that the simpler way is to take the surface which is
perpendicular to ηˆ∗ which is a unit vector in the η∗ direction. Hence we obtain:
χ =
1
2π
∫
~B · d~S = 1
2π
∮
~A · d~l = 1
2π
∫ 2π
0
AφRdφ = AφR = αΨ, (95)
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Figure 4. R− z cross section of the nested tori.
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Figure 5. A numerically integrated field line assuming that Ψ = r + r3, α = 1 and
starting from the point R = 0.6, φ = 0, z = 0. The plot shows twenty rotations.
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Figure 6. I(r, η∗) for r = 0.95.
in the above we assumed that Ψ(0) = 0. Let us now calculate the function η by solving
equation (11). It is easy to show that η is of the form:
η = φ+ C(z, R), (96)
in which C(z, R) is a solution of:
Bφ = ∂zχ∂RC − ∂zχ∂zC. (97)
Writing the above equation in terms of r, η∗ coordinates we obtain:
− 1
1 + r cos η∗
(
Ψ′′ +
1
1 + r cos η∗
Ψ′
r
)
= −αΨ
′
r
∂η∗C,
Ψ′ ≡ dΨ
dr
, Ψ′′ ≡ d
2Ψ
dr2
. (98)
C can be integrated to yield the solution:
C =
1
α
[
rΨ′′
Ψ′
I(r, η∗) + II(r, η∗)
]
, (99)
in which:
I(r, η∗) ≡
∫
dη∗
1 + r cos η∗
=
2√
1− r2

arctan(
√
1− r
1 + r
tan(
η∗
2
)) +
{
0, 0 ≤ η∗ < π
π, π ≤ η∗ < 2π.

 (100)
and
II(r, η∗) ≡
∫
dη∗
(1 + r cos η∗)2
=
I(r, η∗)
1− r2 −
r sin η∗
(1− r2)(1 + r cos η∗) . (101)
Plots of I(r, η∗) and II(r, η∗) are given in figures 6 and 7 respectively. Obviously
I(r, η∗) and II(r, η∗) are non-single valued functions. Their discontinuity values across
the cut are given by:
[I(r, η∗)] =
2π√
1− r2 , [I(r, η
∗)] =
2π
(1− r2)3/2 . (102)
Local Topological Constants for Non-Barotropic MHD 24
1 2 3 4 5 6 Η*
50
100
150
200
IIH0.95,Η*L
Figure 7. II(r, η∗) for r = 0.95.
Therefore C(r, η∗) is also a non-single valued function. Using equation (99) we obtain
the following discontinuity value of C(r, η∗) across the cut:
[C] =
2π
α
√
1− r2
(
rΨ′′
Ψ′
+
1
1− r2
)
. (103)
It remains to calculate the magnetic Aharonov-Bohm function ζ , this can be done using
equation (64). Inserting into equation (64) the value of η given in equation (96), we
obtain:
~A = χ~∇η + ~∇ζ = αΨ
R
φˆ+ αΨ~∇C + ~∇ζ. (104)
Taking into account equation (89) in the above equation leads to:
~∇ζ = 1
R
∂RΨzˆ − 1
R
∂zΨRˆ− αΨ~∇C. (105)
The above equation implies that the magnetic Aharonov-Bohm function ζ is a function
of R, z (or r, η∗) only. Writing equation (105) in terms of the r, η∗ coordinates we arrive
at a set of two equations:
1
r
∂η∗ζ = −αΨ
r
∂η∗C +
Ψ′
1 + r cos η∗
, ∂rζ = −αΨ∂rC. (106)
Solving equations (106) we arrive at the solution:
ζ(r, η∗) = rΨ′I(r, η∗)− αΨC = rI(r, η∗)
(
Ψ′ − ΨΨ
′′
Ψ′
)
−ΨII(r, η∗) (107)
Obviously the magnetic Aharonov-Bohm function ζ(r, η∗) is a non-single valued function
with the following discontinuity value across the cut:
[ζ(r, η∗)] =
2π√
1− r2
(
r(Ψ′ − ΨΨ
′′
Ψ′
)− Ψ
1− r2
)
(108)
Let us calculate the magnetic helicity of the field using equation (70), equation (108)
and equation (95), we arrive at the result:
HM =
∫
[ζ ]dΦ =
∫ a
0
[ζ ]2παΨ′dr
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= (2π)2α
∫ a
0
dr√
1− r2
(
r((Ψ′)2 −ΨΨ′′)− ΨΨ
′
1− r2
)
. (109)
A direct calculation using equation (54) will yield an identical result. This integral can
be calculated either analytically or numerically for any reasonable function Ψ(r). For
example taking Ψ(r) = r + r3 and a = 0.9 we calculated HM numerically and obtained
HM = −4.6167(2π)2α. Thus the magnetic Aharonov-Bohm phase is calculated in a
specific example and the magnetic helicity is derived from that phase.
13. Conclusion
To conclude, it is shown that there are two inherent Aharonov - Bohm effects in
magnetohydrodynamics. In each case a magnetic flux induces a ”phase” on quantities
that do not come under the influence of the magnetic field directly. Those quantities
include the topological velocity fields and magnetic fields. Jumps in the phases ζ, ν
circumnavigating a closed contour quantify the presence of a topological defect in the
vector potential field and the topological velocity field, respectively, and these are
associated with the two conserved quantities in non-barotropic magnetohydrodynamics,
the magnetic helicity and the non-barotropic cross helicity. The quantity ν is useful for
introducing a very efficient variational principle for MHD which is given in terms of only
five independent functions for non-stationary flows. Moreover, the discontinuities [ν] and
[ζ ] which are the non-barotropic cross helicity per unit of magnetic flux and the magnetic
helicity per unit of magnetic flux respectively, are conserved quantities along the non-
barotropic MHD flow. The application of the ”Magnetic Aharonov-Bohm effect” and
the ”Non-Barotropic Cross Aharonov-Bohm effect” may be important in understanding
the dynamics of magnetically confined plasmas and the problem of controlled fusion.
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